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As an improvement of the significant structure theory, a new partition function of monatomic liquid was
®,(7) }

derived:
3N, kv, \ V") [ 2rmk T\ eV, \Me
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where 3N, and 3N,, (N,+ N,= N; Avogadro number), are the numbers of freedom in vibrational and translational
motions, respectively, v; the i-th normal vibration in the vibrational motion, m the mass of molecule, V', the free
volume of liquid, and &,;(V;) the configurational potential energy of liquid. Melting of argon at high pressures
is successfully interpreted by means of the partition function.
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Theoretical interpretations of melting in terms of the
partition function have been made by a number of
investigators.'=® Of the theories suggested, few can
give a satisfactory quantitative description of melting.
This is connected partly with the confused state of
theory of melting and partly with the inadequacy and/or
the mathematical difficulty of various proposed parti-
tion functions of liquid. A satisfactory interpretation
of melting seems to be achieved by the finding of a
good partition function for liquid.

Though the significant structure theory of liquid
developed by Eyring and his co-workers? yields good
numerical agreement with experiment for a number of
the thermodynamic properties of many types of liquids,
Tuerpe and Keeler® have shown that it does not give
a satisfactory description of melting phenomenon at
high pressures. The theory, however, suggests two
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(London), 169, 317 (1937); 170, 464 (1939).

2) John. G. Kirkwood and Elizabeth Monroe, J. Chem. Phys.,
9, 514 (1941).

3) G. A. Mansoori and F. B. Canfield, ibid., 51, 4958, 4967
(1969).

4) H. Eyring, T. Ree, and N. Hirai, Proc. Nat. Acan. Sci.,
U. S., 44, 683 (1958), E. J. Fuller, T. Ree, and H. Eyring, ibid.,
45, 1594 (1959), H. Eyring and T. Ree, ibid., 47, 526 (1961), H.
Eyring and Mu Shik Jhon, “Significant Liquid Structure”, John
Wiley, New York, (1969), and references contained therein.
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important facts: (1) the liquid consists of both vibra-
tional and translational degrees of freedom, and (2)
the partition function of liquid must be analogous to
that of solid near the melting point and to that of gas
toward the gas region.

Bearing these concepts in mind it seems worthwhile
to investigate the possibility of deriving the partition
function of liquid which is applicable to the melting
process at high pressures. The purposes of this study
are to present a new partition function of liquid
differing somewhat from Eyring’s one,? and to apply
it to the melting phenomenon, in particular the melting
of argon at high pressures.

Theoretical

Adopting the concept of the significant structure
theory#® that both vibrational and translational degrees
of freedom coexist in the liquid state, let us assume that
the number of atoms in the vibrational motion is N,
and that the number in the translational motion is N,
(=N—N,, N: Avogadro number). Accordingly the
numbers of freedom 3N, and 3N, are distributed
between the two motions in the liquid. The signifi-
cant structure theory also considers that movable holes
of mocleular size produced by volume increase accom-
panying fusion and thermal expansion confer the
translational degrees of freedom on some fractions of
molecules of the liquid.
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1f we assume that a hole in liquid moves about as
freely as does a molecule in vapor, it is to be expected
that a molecule in the translational motion can share
the whole excess volume of the liquid. In other words,
the molecules in the translational motion are statisti-
cally indistinguishable. Consider a molecule in the
translational motion in the liquid. It may move
randomly from one position into a neighboring hole
by producing a hole behind and may be oscillatory
there, but another molecule begins to make transla-
tional motion by jumping into the hole. So, as a
whole, it may be visualized that a hole in the liquid
moves freely from one position to another similar to a
gas molecule in vapor. This view has been proposed
and supported by many theoretical approaches and
experimental evidences,*%-®) though not without a few
objections.®

The energy level in the vibrational motion is given by

& = hvi<ni+%> (1)

where »; is the normal vibration of the i-th freedom in
the vibrational motion, n; the quantum number specify-
ing vibrational state. The kinetic energy of the particle
in the translational motion is

1 1
’f;n‘ﬁjz = 2—7;(171‘}2'1“171/}2‘5‘[7‘2;2) (2)

where p.;, py;, and p,; are, respectively, the x-, y-, and
z-components of momentum p;, and m the mass of

molecule. Thus the energy state of the liquid is
designated by the quantum numbers n; (¢ —-1 2, ---3N,)
of normal vibration, momenta p; (j=1, ~N,) of

atoms in the translational motion and the conﬁgura-
tional potential energy arising from intermolecular
forces ®;(V;). Hence the total internal energy of the
system is represented as follows.

3Ny 1
EVunsp) = ®F) + 33 (netg )i+ S152 3)

Since the sum of states for one particle in the transla-
tional motion is given by

= {[] ([ ew (- 07 etz 0

— o volume

and the sum of states for the i-th vibrational motion is

the partition function for the liquid composed of N
monatomic molecules is

E(Vi,n,p;5)
Z/(T, V}) ‘s%fxp{ Ve tobs) }
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where V; is the free volume of the liquid.!® In this
calculation it was assumed that each degree of freedom
is separable. We also used Stirling’s approximation
N,!=(N,[e)": for the factorial N,! in the denominator
of the partition function which arises from the indis-
tinguishability of the particles in the translational
motion. The condition for the validity of Eq. (6) is
the separability of the internal energy into kinetic
(vibrational and translational) and potential parts.
The Helmholtz free energy of the liquid becomes

F(T, Vi) = — kTlog Z(T, V)
D7) + kTElog{Z smh( 2kT>}

2nmk T\ eV,
(G N o

There are two efficient approximation methods for the
vibrational term in Eq. (7); Debye’s approximation!
and Einstein’s.1?  According to the former, the number
of modes of vibration in the frequency range from »
to »+dv is given by

9N,
g) = Sowe

where v, is the highest allowed frequency of the vibra-
tion of the system. Applying this approximation to
the vibrational term in Eq. (7), we get

F(T, V) = &:(V)

0/T
+ 9KN, T 7"/0;)3S “ ¥ log { 2 sinh(%) }dx
0

2nmk T \%* eV,
— chTlog{(—h—z—) N, } (8)

where 0,(=hvn/k) is the characteristic temperature
of liquid. It is expected that 6; is more strongly tem-
perature dependent than that of solid.

Equation (8) has the same asymptotic behaviour as
Eyring’s equation:¥ When N; approaches zero, Eq.
(8) gives the Helmholtz free energy of a solid, and
when N, goes to zero, we have the Helmholtz free
energy of a real gas.

In principle we can now derive all the thermodynamic
properties of liquid from the usual thermodynamic
equations, but in order to make further progress it is
necessary to know the exact values of N, (or N},
6, ®(V1), and V; or their exact forms as functions of
T and V.

According to the significant structure theory,® N,
N,, and V; are represented by

V,—V,
N, = N[t s
=)

10) The term “free volume” is used in the free volume theory
in a different meaning. In this theory, it is referred to as the sum
volume of movable holes in the liquid.

11) P. Debye, Ann. Physik., 39, 789 (1912).

12) A. Einstein, tbid., 22, 180 (1970).
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where V, and V; are the volume of solid at melting
point and the volume of liquid, respectively. These
relations were derived on the assumption that in one
mole of liquid there are (V;—V;)/V, moles of holes of
molecular size and that the whole excess volume (the
sum of the volumes of the movable holes) is communally
utilized by the molecules in the translational motion.
If we assume that a hole in the liquid completely
surrounded by other molecules moves freely like a gas
molecule in a vapor, the effective number of holes
(the number of molecules in the translational motion)
which behave like a gas molecule is obtained by mul-
tiplying the number of holes N(V,—V;)/V, by the
probability of molecules occupying the positions around
the hole V,/Vi. The relation (9) are expected to be
valid for the liquid forming closed packed crystal or
nearly closed packed crystal and for the region not
far from melting point. Adopting these relations to
our formulation, we obtain the following expression for
the Helmholtz free energy of liquid
F(T, V) = &(V)
0/T . x
+ 9RT(V3/V,)(T/OL)3SO 2 log {2 sinh (7) }dx

V,—V, 2umk T \*/* eV,
- (g s ()
Now let us consider the melting process of monatomic
molecule substances such as inert gas elements. From
the thermodynamical point of view, fusion takes place
when the Gibbs free energies of solid and of liquid
intercept each other. This is expressed by the equation

F(T,V,) + PV, = F(T, V) + PV, (11)
where P is the pressure of the system.

In connection with the equation of liquid we for-
mulated, we employ the partition function of Debye
type for the solid phase. The Helmholtz free energy
of the solid phase is thus given by

Fy(T, Vs) = (I)s(Vs)

(10)

on/T . x
+9RT( T/HD)?'SO x2log {2 smh(?> de (12)
where ®;(V;) is the configurational potential energy of
solid, and 6, the Debye characteristic temperature of
the solid.

The theory of melting is required to be capable of
evaluating the temperature of melting, the change of
volume and the latent heat of melting from inter-
molecular potential. In this paper, however, the
reverse method is employed to test the applicability
of the present model since the adoption of the crude
theories for evaluating the values of ®;(V;) and 6,
may obscure the applicability of Eq. (10).

We choose the entropy change upon fusion and the
volumes of solid and liquid at the triple point as adjust-
able parameters and adjust the characteristic tempera-
ture (6;) and the configurational potential energy of
liquid ®,(V3) to the condition of Eq. (11) at the triple
point. Then with the aid of Eq. (11) we calculate the
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melting point, entropy change upon fusion, internal
energies and entropies of both phases at the pressure
P and compare them with experimental data.

From Eq. (10), we get

0F(T, 6))
oT

_ VoV [T\ (%7 o 1og 2 sian [
=" 93( n)(m) So * 1°g{2 S‘““("z")}d"
v,\ [ T\3(%/T, x
+ ‘“’"( ﬁ(ﬁ) Jo # °°t“(7>d"
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and for the solid we obtain

Sy(T,00) = —

(13)

op/T i x
S(T,0p) = — 9R(T/9D)3S x2log {2 Slnh(7>}dx
0
op/T %
+ 4.51:(7791,)35 3 coth (ﬂa (14)
0
Accordingly, the entropy change on fusion (4Sn) is
given by
AS‘"‘ = Sl(TM’ gl) - Ss( Tm’ BD) (15)

With the aid of Egs. (13), (14), and (15), and the
observed values of V,, V;, and 65, we can determine
the value of 6, by fitting the calculated 4Sn to experi-
ment at the triple point. At the triple point of argon
(T.=83.81 K), the observed values of V;, V3, and
A4S, are 24.614,'® 28.332 m/,'® and 3.395 cal/mol K,
respectively. With the value of 6,=80 K,» Eq. (15)
gives the value 0; of 54.8 K. Determination of ®;(V;)
at the triple point is a straightforward numerical pro-
blem: it is solved by utilizing the evaluated values of
6, and Dy(V;) and by satisfying Eq. (11). As the
value of ®@(V;) is —1955 cal/mol at the triple point,1®
the value of ®;(V;) which is found to satisfy Eq. (11)
is —1624 cal/mol. In this calculation we can neglect
the terms PV, and PV; in Eq. (11) as they are small
compared to Fy(7T, Vi) and Fi (7T, V;) at ordinary
pressures.

Next we proceed to consider the melting of argon
at high pressures. We cannot now neglect the PV
terms in Eq. (11), and several plausible approximations
and estimations must be introduced to achieve numeri-
cal calculations. At high pressures the pressure effect
on O (V,), ®(V;), 6p, and 0, must be taken into

account. For the configurational potential energy of
the solid, we use the equation®
- Nod\? No®\*
(V) = 7z%{2.4090< v ) 1.0109( 7 )} (16)

13) K. Clusius and K. Weigand, Z. Physik. Chem., B46, 1 (1940).

14) P. Flubacher, A. J. Leadbetter, and J. A. Morrison, Proc.
Phys. Soc., 18, 1449 (1961).

15) K. Clusius, Z. Physik. Chem., B31, 459 (1936).

16) R. H. Wentorf, R. J. Beuhler, J. O. Hirschfelder, and C. F.
Curtiss, J. Chem. Phys., 18, 1484 (1950). The values ¢=165X
10716 ergs and ¢=3.41 X108 cm obtained by E. Whalley and
W. G. Schneider, J. Chem. Phys., 23, 1644 (1955) were used in
numerical calculations.
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where z is the number of nearest neighbor molecules,
¢ and ¢ are, respectively, the distance and energy
characteristics of the system in the 612 Lennard-]Jones

potential, .e.,
oo =elfs)"(e])

To obtain the value of ®,(V;) at the pressure P, we
introduce the approximation

Vs

(V) = (77

l

(17)

(18)

)A-fbs(Vs)

where 4 is an adjustable parameter and determined to
fit the data at the triple point. For the sake of sim-
plicity 4 is taken to be independent of pressure, i.e.,
constant. This approximation is based on the facts
that the change of configurational potential energy on
melting is mainly due to the decrease of the number of
nearest neighbor molecules and that in the case of
inert gas elements the contribution to the configurational
potential energy from the non-nearest neighbor mole-
cules is not so large. Combining the observed values
of ®,(V,)=—1955 and P,(V;)=—1624 cal/mol at the
triple point, the value of 4 is found to be 0.9564.

The Grineisen law!? may be used to take account
of the pressure effect on the characteristic temperature
of both phases:

dlog 0

r=- dlogV (19)

where y is the Griineisen parameter and § the charac-
teristic temperature of the system. If we assume that
the Griineisen parameter is constant, Eq. (19) may
be integrated at once to yield

e ) - (%)
s D (20)

y, log ) log E)

! Ve 0,
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where 63 and 07 are respectively the Debye temperature
of solid and the characteristic temperature of liquid at
a reference melting point. V9§ and V% are the corre-
sponding volumes of solid and liquid, y, and y, are
the Gruneisen parameters of solid and liquid, respec-
tively. It seems clear that in the case of liquid phase
the accuracy of Eq. (20) is not very high.

Although some of these approximations are not
rigorous enough for accurate computations, it is ex-
pected that they are valid enough to show the main
feature of melting phenomenon at high pressures. Once
the values of ®y(V;), ®u(V1), 0p, and 0, are known as
functions of volume of the system, we can evaluate
the melting point, latent heat of fusion, internal energy
of the system at the pressure P with the aid of Eq. (11)
and the observed values of V, and V; at the melting
point corresponding to P.

Calculations and Discussion

The results of calculations together with the experi-
mental data'®) are shown in Table 1. The calculation
procedure was follows. At first the values of ®,(V;),
D7), Op, 0, N,, and V,; were calculated by use of
Eqgs. (9), (16), (18), and (20), and the observed values
of V; and V; at the melting point 7T, of the pressure
P.1®  We adopted the triple point of argon as a
reference point. The value of y, and y, were assumed
to be 2.21 and 2.10, respectively. Then substituting
these values into Eq. (11), we found the melting tem-
perature of the system at the pressure P, and using
this calculated temperature the entropies and the
internal energies of both phases were evaluated.
Though the value of y; was taken from the data (the
value of 80 K) summarized by Pollack,!® the value
of y, was chosen so as to fit the calculations to the
experimental data. The internal energy was calculated
by use of the well-known thermodynamic relation

TABLE 1. COMPARISON OF CALCULATED AND OBSERVED THERMODYNAMIC PROPERTIES
OF ARGON AT MELTING TEMPERATURES
Ty 4S8, S(Tn) Si(Tw) E(T,) E(T,)
P —_—— —_—— —_— —— —_— —_— D G,
Obsd Calcd Obsd Calcd Obsd Caled Obsd Calcd Obsd Caled Obsd Calcd Calcd
0.687 100 103., 12.1 11.4, 41.3 39.0, 53.4 50.4, —5750 —5610 —4733 —4624 82.9, 60.9,
1.146 110 114., 11.5 10.5, 42.8 41.0, 54.3 51.5, —5580 —5393 —4590 —4467 84.9, 63.6,
1.630 120 124., 11.0 10.0, 44.1 42.4y 55.2 52.4, —5380 —5190 —4415 —4304 87.3, 66.2,
2.136 130 134., 10.5 9.4, 45.3 43.7, 55.9 53.2, —5180 —4984 —4243 —4139 89.6, 68.8,
2.662 140 144., 10.4 9.2, 45.9 44.7, 56.3 53.9, —5070 —4789 —4126 —3965 92.3, 71.2,
3.210 150 154., 10.2 8.9, 46.7 45.6, 56.9 54.6, —4870 —4584 —3929 —3788 94.7; 73.6,
3.781 160 163.; 10.0 8.7, 47.8 46.4, 57.8 55.1, —4610 —4378 —3660 —3604 97.1, 75.9,
4.374 170 172.4 9.9 8.4, 48.4 47.2, 58.3 55.7, —4420 —4164 —3454 —3412 99.4, 78.0,
4.987 180 182., 9.6 8.3, 48.7 48.0, 58.3 56.3; —4270 —3943 —3319 —3210 101.5, 80.0,
5.614 190 190., 9.4 8.0, 48.8 48.6, 58.2 56.7, —4130 —3727 —3187 —3016 103.5, 82.0,
6.250 200 199., 9.1 7.9, 49.2 49.3, 58.3 57.2, —3950 —3510 —3016 —2816 105.5; 83.9,

a) Pressure is in kilobars, temperature in degrees Kelvin.

joules per mole K.

Energies are in joules per mole and entropies are in

b) All observed Tm, ASm, Ss(Tm), Si(Tm); Es(Tm), Ei(Tn) values were obtained from R. K. Crawford and

W. B. Daniels, J. Chem. Phys., 50, 3171 (1969).
obtained from the same reference.

17) E. Griineisen, “Handbuch der Physik,” X, (1926), p. I.
18) R. K. Crawford and W. B. Daniels, J. Chem. Phys., 50,

The values of V; and Vs used in the calculations were also

3171 (1969).
19) Gerald L. Pollack, Rev. Mod. Phys., 36, 748 (1964).
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E(T) = —TZ{ aaT (%)} (20)

Agreement between calculation and experiment!® is
excellent, but it is interesting to not that all the cal-
culated A48., Si(Tn), Ss(Tw), Ei(Tn), and E(Tn)
values are systematically smaller in their absolute
values than the corresponding observed values. This
is considered to be in part due to the errors inherent
in the various approximations introduced and to the
neglect of anharmonic effect of vibrational motions in
both solid and liquid. Bridgman2?® also reported the
entropy change on fusion of argon at high pressures.
The reported values of A4S, are 10.31, 8.64, 7.49, 6.64,
6.07, and 5.62 J/mol K at melting temperatures 106.3,
126.4, 144.9, 162.0, 178.0, and 193.1 K, respectively.
They are all lower than the corresponding calculated
values.

TABLE 2. VARIATION OF p(T,), 4S,, E,(T,), AND
Sy(T,,) WITH MELTING TEMPERATURE® |

T, T,

(Obsd) (Caled) 7(Tw)” 48w E(Tn)  S(T)
100  100., 1.79 11.7, —4698  50.1,
110 110, 1.85 10.9, —4568  51.0,
120 120, 1.91  10.4, —4417 519,
130 130., 1.96 9.8, —4255  52.7,
140 140., 2.00 9.5, —4070  53.5,
150  149., 2.02 9.2, —3893  54.1,
160  160., 2.05 8.9, —368¢  54.8
170 169., 2.06 8.6, —3488  55.4,
180  180., 2.08 8.3, —3255  56.1,
190 189., 2.09 8.1, —3042  56.6,
200 199, 2.10 7.9, —2816 57.2,

a) Temperature is in degrees Kelvin (K). Entropies are
in joules per mole K (J/mol K) and energies in joules
per mole (J/mol).

b) The value of y;, was chosen so as to give the observed
melting temperature at pressure P. The value of y,
was assumed to be 2.21.

Dugdale and Frank?) showed that in the case of solid
helium the Debye temperature depends only on volume
to a first approximation and that the Grineisen
law, i.e., ys=—d log 05/d log V,, holds well along the
melting curve up to high pressures. By fixing y;
constant, .., y,=2.21, we can determine the value
of y; which gives observed melting temperature at P.
The variation of y; with the increase in pressure is
shown in Table 2 along with the entropy change upon
fusion, internal energy and entropy of liquid. The
fact that y; approaches the value of y, with the increase
in pressure expects that thermodynamic properties of
liquid resemble more and more those of solid with the
increase in pressure. Although the value of y; was
fixed constant throughout the calculations, v, also
varies with volume and temperature.

From Eq. (20), the specific heat of liquid at constant
volume is obtained as

20) P. W. Bridgman, Phys. Rev., 46, 930 (1934).
21) J.S. Dugdale and J. P. Frank, Phil. Trans. Roy. Soc. (London)
A257, 1 (1964).
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SPECIFIC HEAT OF LIQUID INERT GAS
ELEMENT AT MELTING POINT®

TasLE 3.

Element M 0 AH, 0, (TCV(l) ) (YQVé )
‘ P A (Caled) \GE S (Caied)
Ne  24.56 64 80.1 40.3 4.429 4.92
Ar 83.81 80 284.5 54.8 OO0 5.46
Kr  115.78 63 392.0 44.0 5.380 5.53
Xe  161.37 55 548.5 35.9  —  5.66

a) Melting temperature, p and 0; are in degrees Kelvin
(K), 4Hp, (heat of fusion) is in calories per mole (cal/
mol), CVi(Tn,0:) is in calories per mole K (cal/mol
K

Sources of data: @p: K. Clusius, Z. Phys. Chem. (Leipzig),
B31, 459 (1936). AHm, Vs, and Vi: Gerald L. Pollack,
Rev. Mod. Phys., 36, 748 (1964). CV (T »,0:) observed;
estimated from a) C. Gladun, Cryogenics, 6, 27 (1966); b)
A. Eucken and F. Hauk, Z. Phys. Chem., 134, 161 (1928);
¢) C. Gladun and F. Menzel, Cryogenics, 10, 210 (1970);
d) C. Gladun, ibid., 11, 205 (1971).

CVZ(T’ Ol) = {w}v

oT

+—:2)’—R< Vz—"s) (21)

With the aid of the computed 0, value, we can evaluate
CVi(Twm, 0;). Comparison of the calculated CVi(Tn,
0,) with experiment is given in Table 3 together with
the data of other inert gas elements. Though the
calculated CVi(Tn, 0;) value deviates systematically
from experimental value for all inert gas elements, the
agreement is fairly good. The fact that deviation
between calculation and experiment becomes larger
from krypton (xenon) to neon is attributable to the
underestimation of the number of freedom in the
translational motion. In other words, Eq. (9) gives
a lower value than the actual one for the N, value.
The reason is as follows. From classical theory one
would expect the V; value at 0 K and zero pressure
to be equal to No3 For krypton and xenon this
holds within experimental error and for argon this is
nearly true, but for neon and helium the actual molar
volumes are very much larger than those given by the
formula No®. Accordingly the validity of Eq. (9) is
lost in the cases of neon and helium.

We used a most simple form for evaluating configu-
rational potential energy of liquid, but it is to be
pointed out that Eq. (18) does not give asymptotic
consistency: it does not yield the potential of solid
when V,; approaches V,. However, the good agree-
ment with experiment leads to the conclusion that the
approximation is rather adequate for the evaluation
of ®y(V,). Obviously a detailed theoretical study for
the accurate calculation of the configurational potential
energy of liquid is required to complete the present
theory. It seems very likely that development of the
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radial distribution function method??:2%) and/or the
Monte Carlo method?$29) will suffice the requirement
in near future.

At the present time some ambiguities exist in the

22) J. G. Kirkwood and E. M. Boggs, J. Chem. Phys., 10, 394
(1942); J. G. Kirkwood, E. K. Maun, and B. J. Alder, ibid., 18,
1040 (1950); J. G. Kirkwood, V. A. Lewinson, and B. J. Alder,
ibid., 20, 929 (1952).

23) G. S. Rushbrooke, “Physics of Simple Liquids”, edited by
J. Rowlinson, G. S. Rushbrooke, and H. N. V. Temperley, North-
Holland Publishing Co., Amsterdam (1968), Chapt II.

24) W. W. Wood, ibid., Chapt V.

25) J. A. Barker, R. A. Fisher, and R. O. Watts, Molec. Phys.,
21, 657 (1971).
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present theory, especially in the calculations of ®;(V7),
N, (or Ny), Vs, 0, and y;. Neverthless there is little
doubt that the partition function of liquid given here
will work well for the liquid composed of monatomic
molecules. A more detailed application of the parti-
tion function is clearly bounded up with a better
understanding of the volume and temperature depend-
encies of ®(V;), N,, Vy, 6;, and y,.
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